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I. Introduction
OST of our understanding of fluid flows is based on

a physical picture in which the elementary particles

behave like smooth spheres. The fluid itself has no structure,
and remains structureless when it. flows in response to im-
pressed external gradients. The force fields describing the in-
teractions of the elementary particles are taken to have
spherical symmetry. Angular momentum exchange is not
allowed for in collisions between these particles, and the
angular momentum vectors of the individual particles are
assumed to be randomly oriented, so that their vector sum
over any region is zero. The conventional Euler and Navier-
Stokes equations, which express the mathematical con-
sequences of this model, have provided an adequate basis for
the solution of most fluid-mechanical problems for many
" years.

However, there are certain fluid-flow situations for which
this model and .its associated equations are inadequate:
probiems where the elementary particles themselves have a
structure (such as the flow of macromolecules in solution), or
where they take on a structure when set in motion (such as the
alignment of turbulent eddies in an anisotropic flow);
problems where the particles interact according to a non-
central force field (as in the kinetic theory of polyatomic
gases), or where angular-momentum exchange occurs in a suf-
ficiently organized way, so as to produce a nonzero value of
the net angular momentum (such as occurs, under certain cir-
cumstances, in the flow of suspensions). For flows in which
these phenomena arise, generalizations of the basic physical
models and their associated equations of motion are required.

Many contributions to this field have been made during the
past 10-20 years, so that there now exists a substantial
literature which is capable of describing these phenomena.
While these contributions have been reviewed on a number of
occasions,'® nevertheless they do not seem to be widely
known. It was felt that there would be value in another survey
of the field, written especially with aeronautical and
aerospace interests in mind. It is hoped that the reader will
acquire a somewhat broader vision of the mechanisms that
may be at work in fluid-flow problems, and an initial in-
dication of more general analyses that are available for
solving some of these problems.

The viewpoint of this review is not to suggest that there are
inadequacies in major portions of the contemporary fluid-
mechanical literature that the new approaches reviewed here
are intended to correct. Quite the contrary, the majority of the
still-unsolved problems require only a continued application
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of the conventional theories, whose full scope is far from
exhausted. This review is intended only to point out that,
despite the vast room for further exploitation of traditional
approaches, there are, nevertheless, some problems where a
more detailed model of the flow is called for. :
The paper consists of two main sections: the first contains a
description of the basic physical phenomena embraced by

. these new fields, and the main features of the mathematical

generalizations that accompany.them. The second section
presents a selected list of problem areas where the new
phenomena may be expected to play a significant role.

1I. Basic Model

In the derivation of the conventional continuum equations
for a fluid, the starting point is to consider the forces that can
act-on the faces of a ‘‘small” element of the fluid (see, for
example, Ref. 9, Art. 1.1 and 1.2). The element (see Fig. 1) is
always taken to be small in comparison with the scale of the
problem being studied, but not so small that molecular effects
are encountered. The faces of the element are pictured as
planes across which subelemental particles* are continually
passing in either direction. When such particles, coming from
one side of a face, collide with those on the other side, an ex-
change of linear momentum takes place; the magnitude of this
linear momentum exchange, per unit time, and per unit area
of the face, is represented as a shear stress (force per unit
area), and is written as a tensor
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It should be recognized that this model does not allow for the
exchange of angular momentum during these collisions.

The new theories that are discussed here explicitly allow for
this more general feature. Thus, the subelemental particles
can be imagined as rotating disks, or as roughened spheres, so
that they are also capable of transferring some of their
angular momentum in their encounters with collision partners
on the other side of the face. The magnitude of this angular
momentum exchange, per unit time and unit area of the face,
is represented as a couple stress (i.e., the couple moment per
unit area), and is also written as a tensor (see Fig. 2).
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" *These subelemental particles may be atoms or molecules, or collec-

tions of these, or some larger aggregates, as in the case of turbulent
eddies. :
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Fig. 2 Components of the couple-stress tensor.

This generalization is nothing more than the application of
the familar principle that the forces acting on an element can
always be represented by a net force plus a couple (see, for
‘example, Ref. 10). The forces due to linear-momentum ex-
change are anticipated by the shear-stress tensor; the moments
due to angular momentum exchange must also be allowed for,
by postulating the existence of the couple-stress tensor.

The ability of the subelemental particles to exchange
angular momentum is not enough, by itself, to guarantee a
nonzero couple stress; it is also necessary that these exchanges
occur in a sufficiently organized manner that their average
value over the face of the element is nonzero. Thus, an as-
sumption that the couple stresses are zero may safely be made
if the angular velocity vectors of the subelemental particles are
randomly distributed. In the same sense, the neglect of shear
stresses in a conventional inviscid-fluid model does not imply
that there are no particle collisions at all, but only that their
net contribution to the linear momentum exchange across the
faces of the element is zero.

The introduction of couple stresses has two further con-
sequences: the shear-stress tensor can no longer be assumed
symmetric, and allowance must be made for a nonzero ‘‘in-
ternal’’ angular momentum, which is the vector sum of the
angular momenta of all the particles in the fluid element. In
derivations of conventional fluid-mechanical equations, it is
usually argued that the shear-stress tensor must be symmetric
(i.e., 7;=75;), since otherwise one would have a nonzero
torque acting on an element of vanishing size in the limit
where the dimensions of the element are shrunk toward zero.

This argument is made by writing, for the element, the fact
that the net torque is equal to the time rate of change of the
angular momentum. The net torque d7 is proportional to the
antisymmetric part of the shear stress A7 (equal to 7,, — 75,
for example), multiplied by the area of the face of the element
[equal to (ds)?, if the element is taken as a cube of volume
(ds)?1, and then multiplied by a moment arm of order ds

dT=A7- (ds)?-ds
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The angular momentum dP is assumed to come only from
solid-body rotation of the element as a whole; thus, it is equal
to the moment of inertia of the element, multiplied by its
angular velocity. The moment of inertia, in turn, is assumed
to be proportional to the fifth power of the size of the
element, i.e.

dP=wdl=w-dm- (ds)? =wp(ds)’

This expression is then equated to the above formula for the

differential torque, and it is noted that the resulting equation

cannot be satisfied when ds tends to zero, unless A7 itself is
* assumed to vanish.

The key difference in the more general theory being
reviewed here is that the element is allowed to contain an in-
trinsic angular momentum due to rotation of the subelemen-
tal particles, in addition to the angular momentum associated
with solid-body rotation of the element as a whole. Thus,
although the latter vanishes as ds—0, there remains an in-
trinsic angular momentum of the fluid within the element,
which can be written as

dP=n(ds)*I,w

where 7 is the number of particles per unit volume, and /,, and
w are their moment of inertia and angular velocity. When the
substructure within the element is recognized in this way, the
torque and angular momentum both vanish with the same
power of ds, and it is no longer necessary to make any further
assumption about the symmetry of the shear-stress tensor.

Thus, to summarize: in the conventional theory, the
angular momentum {(per unit mass), M, is just the vector
product of the position vector r and the center-of-mass
velocity u, the shear-stress tensor is symmetric, and there are
no couple stresses

M=rxu T/'j:T_/‘,‘ C[/_=..0
In the generalized theory discussed here, the angular momen-
tum is supplemented by the internal contribution /, the shear-
stress tensor is asymmetric, and the couple-stress tensor is
nonzero
M=rxu+l t;#7; Cy;#0

The divergence of the couple:stress tensor, the an-
tisymmetric part of the shear stress tensor, and a body couple
G (per unit mass), which represents the moment due to a
magnetic, gravitational, or other field that acts at a distance,
contribute to the rate of change of the internal angular
momentum:

T3~ T3
DI .
p*D[ =div C+ T3 — T3 + oG
T2~ T2 J

A complete derivation of the equations can be found in Refs.
1-4, 11. .

The solutions of these equations differ from their con-
ventional counterparts by the presence of the internal angular
momentum vector and the couple-stress tensor. The solution
must contain distributions of these quantities in addition to
the customary distribution of pressure, density, and
velocities. The number of flow situations for which these
solutions have been worked out is quite limited, although
most of the classical situations (Poiseuille flow, Couette flow,
etc.) have been solved.”® The introduction of internal angular
momentum and couple stress, and the transport coefficients
which connect the latter tensor to linear and angular velocity
gradients give rise to a large number of parameters, and a
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wide range of variations in the formulation of a given
problem. Thus, it is difficult to draw any generalizations from
the existing solutions about the effects that asymmetric stress
will have on a given problem. )

II1. Applications

This section contains a listing of problems known to the
author where the phenomena described previously are likely
to appear. The list is not intended to be complete in any sense,
but even this incomplete list will give some idea of the scope of
the field, and the large number of situations in which. these ef-
fects arise. In citing references, an attempt has been made to
select the more general ones, whose perusal will lead the
reader to more detailed works.

These applications have been grouped into four categories,
in the hope of lending some order. Some of the categories con-
stitute well-established branches of continuum mechanics,
where the generalized equations of motion have been applied
for many years. Other categories would be better described as
embryonic, in the sense that the extent to which they are af-
fected by organized angular momentum exchange has not yet
been studied very thoroughly, although the presence of the ef-
fect is not in doubt.

A. Ordered Fluids

Many substances, which are formed as the liquid phase of a
polymeric material or as solutions of long-chain molecules,
exhibit strong orientational effects, such as optical activity or
anisotropy in the apparent viscosity. General theories for
treating the flows of such fluids have been available for many

years.>'>13 In fact, the need to explain the motion of these

substances seems to have given early impetus to studies in this
area.

Liquid crystals make up a large subclass of ordered fluids.
Because of their great technical importance, research on their
properties has become a field in itself. References 16-19
provide a representative sample of papers in which the re-
sponse of these materials to a variety of environments is
discussed. No attempt will be made to review all the
ramifications of this broad field. However, readers wishing to
explore the fluid-mechanical behavior of these substances will
find that the basic equations are essentially those outlined in
Sec. II. .

To conclude this first category on a speculative note, it is in-
teresting to cite the area of large deformations of solids under
intense loading as a possible ordered-fluid situation. There are
many instances.-in which solids undergo an intense impulsive
loading, such as occurs during collision with a high-speed par-
ticle. During the carly stages of the subsequent deformation,
the material often responds as though it were a fluid of zero
strength; during the very late stages, it behaves like an elastic
or perhaps plastic solid.?® There is a possibility that the
motion at some intermediate stage may exhibit the kinds of
directional effects that are discussed here, especially if the
material has some initial anisotropy(as would be the case, for
example, with a composite armor material, or a layered
medium, in the case of meteoroid impact on a planetary sur-
face). These possibilities suggest a link to the vast literature ¢f
directional effects in solid mechanics (see, for example, the
review by Herrmann.?'

B. Kinetic Theory

The conventional Navier-Stokes equations can be derived
from the kinetic theory of a gas whose molecules interact ac-
cording to a central force field.?? Strictly speaking, this ap-
proximation should be valid only for monatomic gases; the
force fields of any other gaseous molecules have an angular
dependence, so that their interactions are dependent on their
relative orientations. Despite this theoretical limitation, the
monatomic-gas model has produced many significant results
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in regimes that lie well beyond its limits of strict validity. In a
general way, this success can be attributed to the fact the ten-
dency of the intermolecular forces to produce a net orien-
tation is relatively weak, compared with the strong tendency
toward isotropy produced by the high collision frequency.
Thus, the orientational effects discussed here are more likely
to occur at very high density, where ordered intermolecular
forces are more probable, or at very low density, where the
collision frequency is low, or when the ordering effects are
augmented, either by external fields (magnetic, electric,
gravitational, etc.) or by strong gradients in the flow.

In situations where orientational effects are important, it is
necessary to generalize the kinetic theory by allowiug the
distribution function to depend on variables of the orientation
space. The rate of change of the distribution function due to
collisions between particles must then be calculated, using
some model for the orientation-dependent interparticle poten-
tial. There is obviously a great latitude to the amount of detail
that can be included in this potential, and the results obtained
by a number of workers (Refs. 23-32 are representative)
reflect these differences. In general, however, the results of
these studies are equivalent to the equations introduced in Sec.
II: they are generalizations of the Navier-Stokes equations,
which display asymmetric states of stress and nonzero values
of the couple stress and internal angular momentum. The
shear- and couple-stress tensors contain the terms associated
with shear viscosity and bulk viscosity, and, in addition, a
term that has been called vortex viscosity,® which determines
the rate of equilibration between the internal angular velocity
of the fluid and the vorticity. The results of these various
studies, while leading to essentially the same conservation
equations, differ at the point where the stress tensors are ex-
pressed in terms of various gradients, multipled by ap-
propriate transport coefficients. These differences reflect the
specific details that are accounted for in describing the
collisions between the particles.

At the present time, there have been a number of ex-
periments in which these orientational effects have been ob-
served. In the high-density range, Dahler® has described the
response of a polar liquid to a rotating electric field; at the
low-density limit, the review article of BeenakKer and Mc-
Court?*? contains a discussion of some of the effects caused by
an impressed magnetic or electric field.

Several other observations deal with orientational effects
that were produced by purely gasdynamic means, without the
agency of an external field. These include: anisotropy in the
random translational motions of a rarefied gas that has
passed through a strong expansion****; a net orientation of
sodium-vapor dimers, which had also passed through a strong
expansion®®; and streaming birefringence of gases in the
strong shear field between two concentric, contrarotating
cylinders.’” These observations might be summarized by
staring that orientational effects have been observed in shear
flows and expansion waves. They strongly suggest that com-
parable phenomena could be observed in a shock wave, whose
velocity gradient is much larger than that present in the
rotating cylinder appartus just cited.’” Haight and Lund-
gren*® have presented a kinetic-theory study of the shock-
structure problem, using loaded spheres and spherocylinders
to model the collision dynamics. Their results would be useful
as a starting point in interpreting measurements of the orien-
tation produced by shock waves in gases.

As a postcript to this discussion of shock-induced orien-
tation, mention should be made of the occurrence of the same
phemomenon in liquids and solids (although these ob-
servations are not, strictly speaking, examples of the dilute-
gas kinetic theory). For example, flow birefringence in liquids
can be produced in either a shear field (streaming birefrin-
gence) or in a field of plane waves (acoustic birefringen-
ce).’**0 The high-intensity limit of these phenomena is ob-
served in the electrical signals produced when a shock wave
propagates through a solid dielectric.*!**> These electrical
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signals can be explained as the result of a polarization
produced by the passage of the shock front.** Once this
shock-induced polarization has been postulated, the descrip-
tion of the resulting electrical signal follows very closely the
related treatment of the transient response of a piezoelectric
material to the passage of a stress wave.*% However, the
detailed mechanics of how the polarization is produced by the
shock wave in the first place is still an open question. The
same basic mechanism is at work in producing ultrasonic
vibration potentials,*>3® which result from differences in the
responses of anions and cations to the passage of a pressure
wave through an ionic solution. A strong shock wave can also
render a transparent solid doubly refracting,”' presumably as
a result of the same orientation that accounts for the electrical
signal.

To conclude this kinetic-theory category, it should be
stressed that the generalized equations of motion have been
derived both from a-continuum-mechanical viewpoint, and
also as the continuum limit of the kinetic theory of gases with
noncentral force fields. Thus, the more general equations en-
joy the same theoretical foundation as that underlying the
Navier-Stokes equations; they should not be regarded as
curiosities of tentative merit, but as advanced approximations
which may be of value in certain of the flow situations faced
by practicing aeronautical engineers.

C. Suspensions

Many fluids of great technical importance are suspensions
of finely divided particles dispersed in a carrier fluid. Exam-
ples of such suspensions range all the way from blood to at-
mospheric acrosols. Many of the flow phenomena exhibited
by these fluids can be adequately treated by conventional
methods, provided that such quantities as density, velocity,
and the like are properly averaged between the two phases.
But in recent years, it has also become clear that orientational
effects are a common feature of the interactions between the
carrier fluid and the suspended particles (see, for example,
Refs. 52-54). The generality of this result is due to the fact
that very special circumstances are required to avoid the ex-
change of angular momentum between the carrier fluid and
the suspended particles. When the suspension is sheared, for
example, the application of a nonrandomly oriented torque to
the particles is the rule rather than the exception, and the ef-
fect is enhanced when the centers of mass of the particles do
not coincide with the points at which the fluid force ef-
fectively acts. Brenner™ strongly suggests that a number of
problems in the flow of suspensions, hitherto classified as
‘“‘non-Newtonian,” will soon find a more accurate ex-
planation in terms of the more general theories mentioned
here. Many of these problems tend to lie in the field of
rheology, where the carrier fluid is usually a liquid and the
concentration of suspended particles is high. Significant
angular momentum exchange can also occur at the other end
of the spectrum, however, where the carrier fluid is a gas and
- the concentration is relatively low. As an example, studies of
the role of asymmetric stress in the flow of a dusty gas have
recently begun to appear.™

The foregoing studies of angular momentum exchange in
suspensions deal only with laminar flows. There are many
other applications in which the flow becomes turbulent. As
will be seen later, the turbulence itself can often exhibit orien-
tational effects, even in the absence of suspended particles.
Thus, the field of turbulent flows of suspensions is likely to be
one whose.complexities will require a thorough accounting for
organized angular momentum exchange. The equations
reviewed in Sec. II from the starting point for such a theory.

One of the most important of these applications is the drag
reduction achieved by adding a small amount of material to a
carrier fluid, sometimes called the Toms phenomenon. -0
This effect, which has always seemed attractive in the context
of ship motion, has also been used to advantage in pipelines
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and fire-fighting equipment.® The occurrence of the effect is
not limited to linear shear flows or pipe flows; it has also been
observed in vortex flows.5?

An important instance of laminar suspension flows where
orientational effects play a major role is that in which the
suspension is designed to couple strongly to an external
magnetic or electric field. %% The magnetic fluids®”% offer a
specific example where the generalized continuum approach
has led to new results. Specifically, Hall and Busenberg’®
developed a theory and compared it with certain experimental
measurements.’! Their theory was based on energy con-
siderations, but made no direct allowance for orientational ef-
fects. Brenner pointed out in his review article®? that it was
not obvious whether their approach was sufficiently general
to embrace all of the asymmetric-stress effects that might oc-
cur. In a subsequent application of the new theory,’? he was
able to confirm their results, and developed, in the process, a
considerably more detailed picture of the stress distribution.

A gravitational field can also produce orientational effects,
even in a suspension whose particles are unaffected by electric
or magnetic forces.”>7* Thus, the situation with suspensions is
very much like that of gases with noncentral force fields:
orientational effects may develop as part of the fluid response
to impressed gradients, and may also be generated directly by
external fields. .

Finally, a special subcategory of the flow of suspensions
that is particularly intriguing is the problem of separating
mixtures which contain equal amounts of particles with a left-
and right-handed screw sense. There are a number of sub-
stances (called stereoisomers, enantiomers, or optical isomers)
which exist in either of two geometrical arrangements of the
same atoms, having a roughly helical screw sense. When sub-
stances of this type are synthesized in living media, only one
isomeric configuration appears. Many synthetic processes for
their production exist, but are usually not stereospecific, i.e.,
they tend to yield equal amounts of left- and right-handed
particles, which must then be separated to be useful in
biochemical or pharmaceutical applications.””The known
separation processes are often quite expensive; thus, there is a
continuing interest in fluid-mechanical means for achieving
the separation.’>® It is possible that a diligent application of
the theories discussed here might lead to.such a means. Un-
fortunately, however, the response of even an isolated helical
particle to a fluid flow is a subject that has been addressed
only recently.””-7®

D. Turbulence

It is sometimes suggested that the generalized-continuum
concepts of asymmetric stress and organized angular momen-
tum exchange would be of value in describing certain aspects
of turbulent flows. To the writer’s knowledge, this suggestion
has never been pursued to the point of comparison between
clearly formulated theoretical expressions and properly
designed experiments. While the applicability of generalized-
continuum concepts to turbulence is still very much in doubt,
it was, nevertheless, felt that a critical review of the topic
would be of value. It should be understood that this final
category represents a much more speculative application than
those already discussed. .

Many advances in the prediction of turbulent flows have
been made during the past decade. An excellent summary of
the state-of-the-art as of 1968 can be found in Ref. 79, and
subsequent advances are reviewed in Refs. 80-83. A charac-
teristic feature of these advances is that increasing attention is
given to the differential relationships that describe the
development of various correlations. These relationships
make it possible to include many more details of the physics
of the problem, in contrast with earlier theories, which tended
to lump much of the detail into such quantities as a mixing
length or an eddy viscosity coefficient.

In particular, increased attention has recently been given to
problems where the turbulence is expected to develop
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anisotropy, a condition often encountered in swirling flows.
Generalized models of the turbulence that allow for
anisotropy have been developed.®-* These anisotropic effects
are embedded in a theory which makes no allowance for
asymmetric states of stress; thus, the shear-stress tensor is
taken to be symmetric, (e.g., 7,, =7,;), but is allowed to have
unequal elements (e.g., 7,, % 7,3).

The suggestion has been made,® however, that the
anisotropy of the turbulence field provides a mechanism for
organized angular momentum exchange, and that, con-
sequently, it is incorrect to admit anisotropic Reynolds
stresses without also making provision for their asymmetry,
and for the addition of “‘Reynolds couples’’ as well. In these
papers, the turbulence field is visualized as consisting of a
distribution of eddies whose angular-velocity statistics are not
completely random, but have a net bias toward a preferred
direction in orientation space. This partially ordered array of
eddies is viewed as a microstructure, and it is argued that
generalized continuum equations are required for a proper
description of the motion.

To derive such a set of relations, Nikolaevskii writes the
equations of motion in volume- and surface-integral form for
a fluid element which is small compared to the significant
scale of the problem yet large enough to contain the turbulent
eddy microstructure.®**% This leads t> a set of equations
which are superficially identical to the conventional ones, but
in which the Reynolds stress is defined as a surface integral

Rj=—Cpvv;);

where v denotes the fluctuating part of the velocity and the
notation { ), denotes an average over the surface which is
normal to the j -axis. The Reynolds stress defined in this man-
ner is not, in general, symmetric. In addition, the angular
momentum intrinsic to the volume element is nonzero, and
what might be termed a ‘‘Reynolds couple” tensor, in com-
plete analogy to the equations of Sec. II, contributes to its rate
of change.

Several observation are in order concerning these results.
The first is to note the limitation imposed by the requirement
that the volume element must be larger than the largest eddy.
In most of the categories already discussed, the scale of the
microstructures is independent of the scale of the flow, and
there are many problems which meet the condition that the
former scale must be small compared with the latter. But in
turbulent flows, the largest of the eddy sizes is often com-
parable to the scale of the body which is producing the tur-
bulence; the range of flow situations for which the ap-
propriate separation of scales can be realized remains to be
determined.

As a second observation, it should be stressed that the
asymmetric-stress effects in Nokolaevskii’s work enter solely
from the averaging procedure used—they are not present in
the Euler or Navier-Stokes equations from which the
derivation begins, and which are taken to be sufficient for
describing the deterministic flow of the fluid at a point.
Because the flow contains random phenomena, it is inevitable
that the deterministic picture must give way to an averaging
process -of some sort in which a certain amount of in-
formation about the flow is lost. Nikolaevskii emphasizes the
fact that the very choice of the averaging process itself may
contain a tacit assumnption about stress asymmetry beyond
that already implicit in the Navier-Stokes equations. There is
a very close parallel in Brenner’s theory of suspensions,?
where the flow over a single particle is adequately described
by the Navier-Stokes equations, but where the average stress
acting on a volume containing a large number of these par-
ticles may be asymmetric.

Nikolaevskii’s work must be "distinguished from those
which treat the turbulent flow of a micropolar fluid®’ (i.e., a
fluid which displays stress asymmetry at the microscopic
level, and hence is not described by the Navier-Stokes
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equations), and from those which simply propose the asym-
metric-stress equations as a model of turbulence®®* without
attempting any derivation from more basic principles.

It should also be mentioned that Nikolaevskii®' and
Beran'® have called attention to the fact that Reynolds in his
original papers drew a careful distinction between spatial and
temporal averages, and recognized the possibility that the
stress tensor might be asymmetric.

The extent to which the introduction of asymmetric stress
may be of value in explaining turbulent-flow phenomena
remains to be determined by a detailed working out of its
theoretical predictions, and their comparison with properly
selected experiments. The writer’s view is that the ap-
plicability of this approach must continue to be examined in
connection with such areas as the preferred angular velocities
of turbulent structures in shear layers,'? the aircraft trailing
vortex, and with certain problems in geophysical fluid
dynamics, where the rotation of the earth can lead to
anisotropic turbulent diffusion,'®? and to phenomena which
are often described in terms of a negative viscosity.'%?

IV. Conclusions

To place this discussion in perspective, it must be repeated
that orientational effects are not of major importance in most
of the situations of interest in aeronautical and aerospace
engineering. These situations usually involve the motion of
dilute gases in response to gradients whose magnitudes are
quite modest compared with what is required for the
generation of significant orientation. In the vast majority of
cases, the asymmetric stresses, if they occur at all, do so with
very small amplitude, and are confined to strong-gradient
regions of very limited extent. Thus, they have a neglible ef-
fect on lift, drag, vehicle performance, or any of the ordinary
concerns of aerospace engineering. For these applications, the
approximations inherent in the conventional equations of
motion are sufficiently accurate. .

“Moreover, it must also be stressed that the potential of the
conventional equations is still far from being exhausted. Even
without any orientational effects, the conventional equations
of motion are quite difficult to solve, for many practical
cases. Thus, in attempting to match theory and experiment,
one’s first instinct must be to question whether the con-
ventional theory has been properly formulated, its solution
properly found, and all its implications properly interpreted.
The existence of asymmetric states of stress should not be con-
sidered an instant remedy for unsolved problems; in virtually
all aerospace engineering situations, the remedy is more likely
to be found in further exploitation of the conventional ap-
proaches.

Nonetheless, there must also be a continued awareness that
the conventional approximations ignore orientational effects
entirely, and that situations can arise where these effects must
be taken into consideration. The need for this awareness has
increased in recent years, when more and more attention has
been diverted away from aerospace problems and toward such
areas as water purification, atmospheric turbulence, and
biomedical fluid mechanics. The sampling of problems listed
in Sec. III was chosen in an attempt to identify some of the
areas where one must be especially alert to the possible oc-
currence of asymmetric states of stress.

Many of the applications mentioned here might be labeled
““passive,’’ in the sense that the main value of the new theory
is seen in its ability to explain phenomena already observed.
Future studies will undoubtedly see more ‘‘active’” ap-
plications of the theory, where the orientational effects would
be exploited. For example, the measurement of particle align-
ment in low-density flows, described in Sec. III, suggests a
new diagnostic technique for the probing of shock-wave struc-
ture in gases. There are probably many other instances where
the occurrence of oriented flows could be used to good ad-
vantage.
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Asymmetric states of stress are obviously a very widespread
phenomenon, present in situations as diverse as the flow of
blood and the movement of weather patterns. Yet this wide
range of examples is united by a common thread, and
described by essentially the same set of equations. It is hoped
that this review will generate a deeper appreciation of the ap-
proximations made in neglecting asymmetric stress, and a
broader perspective toward problems where this ap-
proximation may no longer be acceptable.

References ,

""Truesdell, C. A. and Toupin, R., “The Classical Field Theories,”’
Handbuch der Physik, Vol. I11/1, Springer-Verlag, Berlin, Germany,
1960.

2Truesdell, C. A. and Noll, W., “The Nonlinear Field Theories of
Mechanics,”” Encyclopedia of Physics, Vol. 111/3, Springer-Verlag,
Berlin, Germany, 1965.

3Dahler, J. S. and Scriven, L. E., “Angular Momentum of Con-
tinua,”” Nature, Vol. 192, Oct. 1961, pp. 36-37.

4Dahler, J. S. and Scriven, L. E., “Theory of Structured Continua,
I. General Consideration of Angular Momentum and Polarization,”’
Proceedings of the Roval Society (London), Ser. A, Vol. 275, 1963,
pp. 504-527.

SDahler, J. S., ““High-Density Phenomena,”” Research Frontiers in
Fluid Dynamics, {ed. by R. J. Seeger and G. Temple), Interscience, N.
Y., 1965, pp. 443-481. )

SCondiff, D. W. and Dabhler, J. S., “Fluid Mechanical Aspects of
Antisymmetric Stress,”” Physics of Fluids, Vol. 7, June 1964, pp. 842-
854.

7Ariman, T., Turk, M. A., and Sylvester, N. D., “Microcon-
tinuum  Fluid Mechanics—A Review,”” [International Journal of
Engineering Sciences, Vol. 11, 1973, pp. 905-930.

8 Ariman, T., Turk, M. A., Sylvester, N. D., ““Applications of
Microcontinuum Fluid Mechanics,”” International Journal of
Engineering Sciences, Vol. 12, 1974, pp. 273-293. ’

9Shapiro, A. H., The Dynamics and Thermodynamics of Com-
pressible Fluid Flow, Vol. 1, Ronald Press, New York, 1953.

IOSecly, F. B. and Ensign, N. E., Analytical Mechanics for
Engineers, 3rd Edition, Wiley, N. Y., 1941.

TAris, R., Vectors, Tensors, and the Basic Equations of Fluid
Mechanics, Prentice-Hall, Englewood Cliffs, N. J., 1962.

2Ericksen, J. L., ‘“‘Anisotropic Fluids,”® Archive for Rational
Mechanics and Analysis, Vol. 4, 1960, pp. 231-237.

YEringen, A. C., “Theory of Micropolar Fluids,” Jouwrnal of
Mathematics and Mechanics, Vol. 16, 1966, pp. 1-18.

14 Allen, S. 1., DeSilva, C. N., and Kline, K. A., “Theory of Simple
Deformable Directed Fluids,” Physics of Fluids, Vol. 10, Dec. 1967,
pp. 2551-2555, eratta, Vol. 11, 1968, p. 590.

'SKaloni, P. N. and Sabin, G. C. W., “Combined Steady and
Oscillatory Shearing Flow of Oriented Fluids,” The Journal of
Chemical Physics, Vol. 56, May 15, 1972, pp. 5063-5071.

"6 Fergason, J. L., “Liquid Crystals,”” Scientific American, Vol.
211, Aug. 1964, pp. 76-82, 85, 116.

7 Chistyakov, 1. G., “Liquid Crystals,”’ Soviet Physics — Uspekhi,
Vol. 9, Jan.-Feb. 1967, pp. 551-573.

18Ericksen, J. L., “Continuum Theory of Liquid Crystals,”’
Applied Mechanics Reviews, Vol. 20, Nov. 1967, pp. 1025-1032.

¥Brown, G. H., “Liquid Crystals and Their Roles in Inanimate
and Animate Systems,”’ American Scientist, Vol. 60, Jan.-Feb. 1972,
pp. 64-73.

WKinslow, R., (ed.) High-Velocity Impact Phenomena, Academic
Press, New York, 1970.

2'Herrmann, G., “‘Some Applications of Micromechanics,”
Experimental Mechanics, Vol. 12, May 1972, pp. 235-238.

22Yirschfelder, J. O., Curtiss, C. F., and Bird, R. B., Molecular
Theory of Gases and Liquids, Wiley, N. Y., 1954,

B Grad, H., ““Statistical Mechanics, Thermodynamics, and Fluid
Dynamics of Systems with an Arbitrary Number of Integrals,”
Communications on Pure and Applied Mathematics, Vol. 5, 1952, pp
455-494.

X Condiff, D. W. and Brenner, H., “Transport Mechanics in
Systems of Orientable Particles,”” The Physics of Fluids, Vol. 12,
March 1969, pp. 539-551.

BWaldmann, L., “Kinetische Theorie des Lorentz-Gases aus
Rotierenden Mokelulen,”” Zeitschrift fur Naturforschung, Vol. 18a,
1963, pp. 1033-1048.

26Dahler, J. S., “Transport Phenomena in a Fluid Composed of
Diatomic Molecules,”” The Journal of Chemical Physics, Vol. 30,
June 1959, pp. 1447-1475. .

AIAA JOURNAL

?"McCoy, B. J., Sandler, S. 1., and Dahler, J. S., “Transport
Properties of Polyatomic Fluids, IV. The Kinetic Theory of a Dense
Gas of Perfectly Rough Spheres,”” Journal of Chemical Physics, Vol.
45, Nov. 1966, pp. 3485-3512.

2Kagan, Y. and Afanasev, A. M., “On the Kinetic Theory of
Gases with Rotational Degrees of Freedom,’” Soviet Physics —JETP,
Vol. 14, May 1962, pp. 1096-1101.

2Borman, V. D., et al., “Influence of Alternating Electric Field on
Transport Phenomena in Polar Gases,”” JETP Letters, Vol. 5, Feb.
1967, pp. 85-87.

30Kagan, Y. and Maksimov, L., “Transport Phenomena in a
Paramagnetic Gas,”” Soviet Physics—JETP, Vol. 14, March 1962, pp.
604-610.

3Snider, R. S., “Quantum-Mechanical Modified Boltzmann
Equation for Degenerate Internal States,”” The Journal of Chemical
Physics, Vol. 32, April 1960, pp. 1051-1060.

32Qnider, R. F. and Lewchuk, K. S., “Irreversible Ther-
modynamics of a Fluid System with Spin,”” The Journal of Chemical
Physics, Vol. 46, April 15, 1967, pp. 3163-3172.

33Beenakker, J. J. M. and McCourt, F. R., “Magnetic and Electric
Effects on Transport Propertics,” Awnnual Review of Physical
Chemistry, edited by H. Eyring et al., Annual Reviews, Inc., Palo
Alto, Calif., Vol. 21, 1970, pp. 47-72.

¥Muntz, E.P., ‘‘Measurements of Anisotropic Velocity
Distribution Functions in Rapid Radial Expansions,”” Vol. II,
Rarefied Gas Dynamics, Proceedings of the Fifth International Sym-
posium on Rarefied Gas Dynamics, University of Oxford, 1966,
Academic Press, New York, 1967, pp. 1257-1286.

3 Hamel B.B. and Willis, D.R., “Kinetic Theory of Source Flow
Expansion with Application to the Freejet”’, The Physics of Fluids,
Vol. 9, May 1966, pp. 829-841.

36Sinha, M.P., Caldwell, C.D., and Zare, R.N., “Alignment of
Molecules in Gaseous Transport: Alkali Dimers in Supersonic Nozzle
Beams,” The Journal of Chemical Physics, Vol. 61, July 15, 1974, pp.
491-503.

¥ Baas, F., ““Streaming Birefringence in Co, and N,"’, Physics Lei-
ters, Vol. 36A, Aug. 16, 1971, pp. 107-108.

3 Haight, C.H., and Lundgren, T.S., “‘Shock Structure in a Gas of
Rigid Noncentral Particles,”” The Physics of Fluids, Vol. 10, April
1967, pp. 786-798.

39Champion, J.V., and Meeten, G.H., “Molecular Orientation and
Flow Birefringence in Simple Liquids,”” Proceedings of the Physical
Society, London, Vol. 88, 1966, pp. 1033-1038

40Hilyard, N.C., and Jerrard, H.G., “Theories of Birefringence In-
duced in Liguids by Ultrasonic Waves,”” Journal of Applied Physics,
Vol. 33, Dec. 1962, pp. 3470-3479.

“"Hauver, G.E., “‘Shock-Induced Polarization in Plastics 11 Ex-
perimental Study of Plexiglass and Polystyrene,”” Journal of Applied
Physics, Vol. 36, July 1965, pp. 2113-2118.

“Doran, D.G. and Linde, R.K., ““Shock Effects in Solids,”” Solid
State Physics, Advances in Research and Applications, (ed. by F. Seitz
and D. Turnbull), Academic Press, N. Y., Vol. 19, 1966, pp. 220-290.

“Allison, F. E., “Shock-Induced Polarization in Plastics. I.
Theory,”” Journal of Applied Physics, Vol. 36, July 1965, pp. 2111-
2113.

4“4 Graham, R.A., Neilson, V.W., and Benedick, W.B., “Piezoelec-
tric Current form Shock-Loaded Quartz-—A Submicrosecond Stress
Gauge,”” Journal of Applied Physics, Vol. 36, May 1965, pp. 1775-
1783.

4“SHalpin, W.J., “Current from a Shock-Loaded Short Circuited
Ferroelectric Ceramic Disk,”” Journal of Applied Physics, Vol 37,
Jan. 1966, pp. 153-163.

% Redwood, M. “Transient Performance of a Piezoelectric Tran-
sducer,”” The Journal of the Acoustical Society of America, Vol. 33,
April 1961, pp. 527-536.

“TStuetzer, O.M., “Multiple Reflections in a Free Piezoelectric
Plate,”” The Journal of the Acoustical Society of America, Vol. 42,
Aug. 1967, pp. 502-508.

#Stuetzer, O.M., “‘Secondary Stresses in a Stress-Pulse-Activated
Piczoelectric Element,”” Journal of Applied Physics, Vol. 38, Sept.
1967, pp. 3901-3904.

497ana, R. and Yeager, E., “Ultrasonic Vibration Potentials and
Their Use in the Determination of Ionic Partial Molal Volumes,”
Journal of Physical Chemistry, Vol. 71, Feb. 1967, pp. 521-536.

SOMozer, P., Squire, P.G., and O‘Konski, C.T., ‘“‘Electric
Polarization in Proteins—Dielectric Dispersion and Kerr Effect
Studies in Isoionic Bovine Serum Albumin,”” Journal of Physical
Chemistry, Vol. 70, March 1966, pp. 744-756.

S'Hamann, S.D., ““Effects of Intense Shock Waves,”” Advances in
High Pressure Research (ed. by R.S. Bradley), Academic Press, N.Y.,



JANUARY 1976

Vol. 1, 1966, pp. 85-141.

52Brenner, H., “Rheology of Two-Phase Systems”” Annual Review
of Fluid Mechanics, edited by M. Van Dyke et al., Annual Reviews,
Inc., Palo Alto, Calif., Vol. 2, 1970, pp. 137-176.

53Batchelor, G.K., ““The Stress System in a Suspension of Force-
Free Particles,” Journal of Fluid Mechanics, Vol. 41, April 1970, pp.
545-570.

541 eal, L.G. and Hinch, E.J., ““The Rheology of a Suspension of
Nearly Spherical Particles Subject to Brownian Rotations,”’ Journal of
Fluid Mechanics, Vol. 55, Oct. 1972, pp. 745-765.

3SHamed, A. and Tabakoff, W., “Some Effects Caused by Solid )

Particles in Flows,”” AIAA Journal. Vol 12, May 1974, pp. 581-2.

56 Toms, B.A., “Some Observations on the Flow of Linear Polymer
Solutions through Straight Tubes at Large Reynolds Numbers,”
Proceedings -of Ist International Rheological Congress, Holland,
1948, pp. [1-135-141.

57Tulin, M.P., Hydrodynamic Aspects of Macromolecular
Solutions,”” Sixth Symposium on Naval Hydrodynamics,
Washington, D.C., 1966.

8 Elata, C., and Tirosh, J., “Friction Drag Reduction,”’ Israel
Journal of Technology, Vol. 3, 1965, pp. 1-6. ’

Hoyt, J.W., “The Effects of Additives on Fluid Friction,”
ASME, Transactions, Journal of Basic Enginéering, Vol. 94 D, June
1972, pp. 258-285.

601 ee, W.K., Vaseleski, R.C., and Metzner, A.B., “Turbulent
Drag Reduction in Polymeric Solutions Containing Suspended
Fibers,”” A.I. Ch. E. Journal, Vol. 20, Jan. 1974, pp. 128-133.

61 Clough, T.C., “Research on Friction Reducing Agents,”” Fire

' Technology, Vol. 9, 1973, pp. 32-45.

62Gordon, R.J., and Balakrishnan, C., ‘“Vortex Inhibition: A New
Viscoelastic Effect with Importance in Drag Reduction and Polymer
Characterization,”” Journal of Applied Polymer Science, Vol. 16,
1972, pp. 1629-1639. )

63 Neuringer, J.L. and Rosensweig, R.E., “Ferrohydrodynarnics’’,
The Physics of Fluids, Vol. 7, Dec. 1964, pp. 1927-1937.

¢4 Lavoie, F.J., “Magnetic Fluids,”” Machine Design, Vol. 44, June
1,1972, pp. 78-82.

65Klass, D.L. and Martinek, T.W., “Electroviscous Fluids. I.
Rheological Properties,”” Journal of Applied Physics, Vol. 38, Jan.
1967, pp. 67-74.

66Klass, D.L. and Martinek, T.W., “Electroviscous Fluids. II.
Electrical Properties,”” Journal of Applied Physics, Vol. 38, Jan.
1967, pp. 75-80. ) o

67Levi, A.C., Hobson, R.F.,, and McCourt, F.R,
““Magnetoviscosity of Colloidal Suspensions,” Canadian Journal of
Physics, Vol. 81, Jan. 1973, pp. 180-194.

68 Shliomis, M.IL., ““Effective Viscosity of Magnetic Suspensions,”’
Soviet Physics—JETP, Vol. 34, June 1972, pp. 1291-1294.

 Jenkins, J.T., ““A Theory of Magnetic Fluids,” Archive Sfor
Rational Mechanics and Analysis, Vol. 46, 1972, pp. 42-60.

70Hall, W.F. and Busenberg, S.N., ““Viscosity of Magretic Suspen-
sions,”’ The Journal of Chemical Physics, Vol. 51, July 1969, pp. 137-
144, '

"'"McTague, J.P., Magnetiviscosity of Magnetic Colloids,”” The
Journal of Chemical Physics, Vol. 51, July 1969, pp. 133-136.

2Brenner, H., “Rhelolgy of a Dilute Suspension of Dipolar
Spherical Particles in an External Field,”” Journal of Colloid and In-
terface Science, Vol. 32, Jan. 1970, pp. 141-158.

73Langford, D., “Centrifuge Analysis—Effects on Sedimentation
Coefficients of Angular Velocity Lag, of Deviations from Stokes*
Law of Drag, and of Acceleration Effects,”” Transactions ASME (E),
Journal of Applied Mechanics, Vol. 35, Dec. 1968, pp. 683-688.

"4Peterson, J.M., “Hydrodynamic Alignment of Rodlike
Macromolecules during Ultracentrifugation,” The Journal of
Chemical Physics, Vol. 40, May 1, 1954, pp. 2680-2686.

7Buss, D.R. and Vermeulen, T., ““Optical Isomer Separation:
Quest for a New Biochemical Technology,” Industrial and
Engineering Chemistry,, Vol. 60, Aug. 1968, pp. 12-28.

"6Brenner, H., “The Stokes Resistance of an Arbitrary Par-
ticle—II, An Extension,” Chemical Engineering Science, Vol. 19,
1964, pp. 599-629. )

"TClarke, N.A., “The Force Distribution on a Slender Twisted Par-
ticle in a Shear Flow,”” Journal oj Fluid Mechanics, Vol. 52, April
1972, pp. 781-793.

FLOWS WITH SIGNIFICANT ORIENTATIONAL EFFECTS 17

78Rae, W.J., “Calculations of the Sedimentation of a Helical Par-
ticle,”” Calspan Rept. WF-5212-A-1, March 1975, Buffalo, N.Y.

79Kline, S.J., Morkovin, M.V., Sovran, G., and Cockrell, D.J.,
(eds.), ““‘Computation of Turbulent Boundary Layers—1968,”
AFOSR-IFP- Stanford Conference, Aug. 1968, Air Force Office, of
Scientific Research, Arlington, Va. '

80Molio-Christensen, E., ‘“Physics of Turbulent Flow,” AJAA
Journal, Vol. 9, July 1971, pp. 1217-1228.

81 Donaldson, C.duP., “Calculation of Turbulent Shear Flows for
Atmospheric and Vortex Motions,”” AIAA Journal, Vol. 10, Jan.
1972, pp. 4-12. ‘

82Bradshaw, P., ““The Understanding and Prediction of Turbulent
Flow,”* Aeronautical Journal, Vol. 76, July 1972, pp. 403-418.

83 Mellor, G.L. and Herring, H.J., ““ASurvey of the Mean Tur-
bulent Field Closure Models,”” AIAA Journal, Vol. 11, May 1973, pp.
590-599.

84 Lilley, D.G., and Chigier, N.A., ‘““Nonisotropic Turbulent Stress
Distribution in Swirling Flows from Mean Value Distributions,”
International Journal of Heat and Mass Transfer, Vol. 14, April 1971,
pp. 573-585. ‘

8Lilley, D.G., ““Prediction of Inert Turbulent Swirl Flows,”
AIAA Journal, Vol. 11, July 1973, pp. 955-960.

86 Koonsinlin, M. L. and Lockwood, F.C., “The Prediction of
Axisymmetric Turbulent Swirling Boundary Layers,”” AIAA Journal,
Vol. 12, April 1974, pp. 547-554.

87 ewellen, W.S., “A Review of Confined Vortex Flows,”” NASA
Rept. CR-1772, July 1971.

88 Murthy, S.N.B., “Survey of Some Aspects of Swirling Flows,”
Aerospace Research Labs. Rept. 71-0244 AD737381, Nov. 1971,
Wright-Patterson Air Force Base, Ohio.

89 Aero, E.L., Bulygin, A.N., and Kuvshinskii, E.V., ““Asymmerric
Hydromechanics,”” Applied Mathematics and Mechanics (PMM) Vol.
29, 1965, pp. 333-346.

907 istrov, A.T., “Model of a Viscous Fluid with an Antisymmetric
Stress Tensor,”” Applied Mathematics and Mechanics (PMM), Vol.
31, 1967, pp. 115-119.

9 Nikolaevskii, V.N., ‘“Asymmetric Fluid Mechanics and an
Averaged Description of Turbulent Flow,”” Soviet Physics-Doklady,
Vol. 14, Aug. 1969, pp. 120-122.

9“2 Nikolaevski, V.N., “Nonsymmetric Mechanics of Turbulent
Flows,”” Applied Mathematics and Mechanics (PMM) Vol. 34, 1970,
pp. 482-493. ‘

93 Nigrnatulin, R.]. and Nikolaevskii, V.N., “Diffusion.of a Vortex
and Conservation of Moment of Momentum in Dynamics of Non-
polar Fluids,”” Applied Mathematics and Mechanics (PMM) Vol. 34,
1970, pp. 297-302.

94 Nikolaevskii, V.N., ““Asymmetric Mechanics and the Theory of
Turbulence,”” Archiwum Mechaniki Stosowanej, Vol. 24, 1972, pp.
43-51.

9 Buevich, Y.A. and Nikolaevskii, V.N., “Equations for Moments
of Hormogeneous Turbulence with Anisotropy of a Vortex Charac-
ter,”” Soviet Physics — Doklady, Vol. 16, May 1972, pp. 932-934.

9 Nilolaevskii, V.N. and Afanasev, E.F., ““On Some Examples -of
Media with Microstructure of Continuous Particles,”’ International
Journal of Solids and Structures, Vol. S, 1969, pp. 671-678.

Liu, C.Y., “On Turbulent Flow of Micropolar Fluids,”
International Journal of Engineering Science, Vol. 8, 1970, pp. 457-
466.

%8 Eringen, A.C., and Chang, T.S., ““A Micropolar Description of
Hydrodynamic Turbulence,”” Recent Advances in Engineering Scien-
ce, Vol. 5, 1968, pp. 1-8. ,

9 Ppeddieson, J., ““An Application of the Micropolar Fluid Model
to the Calculation of a Turbulent Shear Flow,”’ International Journal
of Engineering Science, Vol. 10, 1972, pp. 23-32.

10 Beran, M.J., Statistical Continuum Theories, Interscienceé, N.
Y. 1968, p. 319. ‘

Wl Funk, B.H., ““A Direct, Measurement of the Most Probable
Preferred Angular Velocity of Turbulent Structures by Optical
Correlation of Laser Schlieren Signals,”” NASA TN D-6029, QOct.
1970.

12 Welander, P., “‘Note on the Effect of Rotation on Diffusion
Processes,” Tellus, Vol. 18, 1966, pp. 63-66.

18 Qearr, V.P., Physics of Negative Viscositv Phenomena.
McGraw-Hill, N.Y. 1968.



	2: 


